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Thermo-responsive hydrogels S lpewhen swolien)

Equilibrium polymer fraction = the degree of swelling reached by a gel placed in water, free to swell, in the
absence of mechanical constraints

 Takessome time - water
diffusion is slow

Quialitatively, looks like
there’s a single swollen

state and a single dry state
either side of a lower

critical solution

temperature (LCST) T' = T¢

water expelled

..most of the time, anyway, if you ignore
Afroze, Nies & Berghmans (2000) or
Butler & Montenegro-Johnson (2022)
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Thermo-responsive hydrogels B b rome)fackon

kgT kT | 1—
W= -2 [tr (FdFJ)—3+2log¢] 4 =25 qblog(l—c]ﬁ)er(qb, T)(1 — ¢)
20Yy 0y ¢
— neo-Hookean elasticity mixing energy

« Affinity for water is encoded by the Flory chi parameter measuring the strength of electrostatic attraction
between polymer and water

x(¢, T) = Ao + 41T + (Bo + B1T)¢ + O(T?, ¢°)

* Canfit the parameters here from observations - somewhat crude and very sensitive to experimental error
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Thel‘mO-I‘eSPOnSive LENS €ij = [1 - (¢/¢00)1/3} Oij + €55 | leisl <1

ow
oij = —poij + ¢8TFJ'/<:

1k

oij = — [p+ I1(9)]6s; + 2p5(P)€s;

* pisthe pervadic/pore/Darcy pressure of the fluid
e [listhe osmotic pressure

Deformation is, at
leading order,

sotropic, Measure U, is the shear modulus
corresponding to deformation
swelling or drying. | ekilveive
swollen” steady
state at a
1 kBT Qf 8X
GeII)s aLe characte.ns;ed temperature well -2 {Q_p (¢ B ¢1/3) 6 log(1— ¢) — &y + 31— %
y three materia below the LCST,
parameters dependent where ¢= ¢, j kTl

on degree of swelling.

see Webber & Worster (2023)
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Osmotic pressures o1y = — Ip + Ty + 2ua(9)ei

ANB parameters HHT parameters

| | 1 |
I1(¢)

0.2

M(¢)

Temperature >
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Osmotic pressures

¢o(T) :
0.8 Tl :

0.6 |-
04
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/HHT parameters

ANB parameters
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-
Phenomenological observations

Osmotic T < Tc
pressure

T > T
boco T > To o

B0 = {¢00 T < Tc

.98 Aip AjP19jdwod,

®00 P0co

Above the LCST, there is a new, higher,
equilibrium polymer fraction where I1=0
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The thermo-responsive LENS framework

Osmotic components LENS modelling

$0(T) = {¢"“ T=Tc o — — [p+I(@ + 2

¢000 T > TC’

_ ¢ —9(T) @+q.v¢v.{_

H(qb) ¢0 (T) see Doi (2009) ot

@ (normalised polymer fraction)

Can feasibly measure osmotic ,
: : Example: deswelling
pressure Iin a macroscopic )
: hydrogel bead in water 2
experiment
@p|lacacoanaannacn memm s comparison with Butler & 3 4
o b . oy D) Montenegro-Johnson (2022) = Sharp drying front
" % 1 LENS invalid here
. ;
oiff - : 2
S35
O .
; 0
0
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Modelling temperature evolution

* Isthisall?Is it reasonable to neglect heat contributions from swelling or drying? How about thermoelasticity?

* Furthermore, how is heat transferred through a responsive gel? Must couple influence from advection,
diffusion, heat sources/sinks...

Heat transfer in porous media Thermoelasticity

Treats each phase separately, with a Starts from the laws of thermodynamics

coupling term (e.g. H(T e, T popymer) OF and the free energy density function from

similar). before.

* Easy physical interpretation » Captures potentially complicated

* Matches nicely with continuum models thermodynamics

* Hardto couple heat sources/sinks and * Hardtointerpret some terms: can LENS
quantify coupling between phases help?
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Modelling temperature evolution o Cpmicalpotenti

Heat generation (thermoelasticity)
External supply of heat _1/a
Internal energy change Ignore here F~ (¢/¢o0) 1
Take U=cT 1
av T, daF dC4_| Number density
f T molecules
1 (1
Heat flux c—_— (2 _1
Q
Two components - transport of material and Fourier-type conduction Molecular flux Z{;/;/ater d < ’ )
Q=cT'q—ckVT J:u/ﬂf:—m—Qpr

dT 1 9¢ k(¢) p 0¢ 2
ey =¢9q VT—I—CM 362 attra ” —\Vp|* 5 ot +ckVeT

tro = —3P = —3(p + II)
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Modelling temperature evolution

Advection
Heat energy carried with deforming gel

D or \

Dt ot

“Latent heat of swelling or drying”
Energy used up or released in
swelling/drying and heat
generation by deformation.
Dependent on [generalised]
osmotic pressure.

I

= +q- VT = kV>T + H($) o k(¢)|V|

coh? ('915

Diffusion
(having assumed spatially-constant diffusivity)

Hic \
Work done by pore flows
Viscous resistance as water flows
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through the gel pore spaces

N.B. this reduces down to simple diffusion when the gel isn’t reconfiguring
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Modelling temperature evolution
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DI 0T 11(¢) 0 k(¢)
= — VT = gV2T
Dt~ ot T4 VEERVITA 6 e pl
AT _KAT I
T L2 cT

Can compare relative importance of heat transfer methods using two non-dimensional numbers,

TR MWK D IT
L 1  cAT

Le =

Typically ~1/AT, so importance of swelling and
interstitial flows depends on magnitude of
temperature differential

Typically ~10, so diffusion of heat
dominates over compositional
diffusion
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Application: tubes of responsive gel

Lz =0

¢Oo?§

|

ao

Hot
Shrunken tube, narrow lumen Cold
T=Tc+ AT Relaxed tube, wide lumen
T — T¢
z 1
T —Tc = AT [2 erfc ( ) — 1] Zo = 2erfct (—)\/E
2/ Kkt 2

joewebber@warwick.ac.uk Modelling hydrogels: building networks in the Mathematical Sciences



Flows through the tube
()
1 | 2
kPR RERRRMY 1.8
< 0 | | | - —5 b P> | | _a -0
1.4
P22 )P ) [ 1.2
| | | | | 1
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Summary

Modelling thermo-responsive gels requires an understanding of how the affinity of polymer chains for water
changes with temperature

* This can be gained from microscopic models of the gel, or phenomenologically: spotting the LCST and how
the equilibrium polymer fraction changes around it is enough to model the behaviour of these gels accurately

*  We must be careful when there are sharp drying fronts, however - LENS can’t handle these

* LENSdoes, however, allow us to carefully interpret all the terms in the heat transfer equation, closing the
system
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